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Theory of Thin Airfoils in Magnetoaerodynamies

Lazar Dragos*
Bucharest University, Bucharest, Rumania

This paper examines the motion of a compressible fluid with arbitrary finite electrical con-
ductivity in the presence of a thin airfoil. At infinity, in the undisturbed stream, the mag-
netic fluid is assumed to be orthogonal to the direction of the fluid stream. The motion is
irrotational. The velocity field and the magnetic field have an irrotational part, which coin-
cides to that of the classical aerodynamics, and a rotational part, which is due to the field-
motion interaction and which vanishes for 4 - ®. The general solution depends on five
arbitrary functions. The boundary conditions determine the relations between these func-
tions as well as the boundary problem for determining one of them. This one reduces to a
Fredholm-type integral equation. Surface currents are not possible. The solution valid
for arbitrary Mach number M coincides with the solution of the case of incompressible fluid
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for M = 0.

Introduction

HE motion of a compressible, conducting fluid in the
presence of a thin airfoil was considered by MeCune and
Resler.! Important results of this problem were also ob-
tained by other authors.2 In all of the cases, however,
the perfectly conducting fluid was considered (Ry = o).
The method of investigation is that initiated by Sears and
Resler.? ]
In the present paper, the same problem dealt with in Ref.
1 will be treated for the case in which the fluid has arbitrary
electrical conductivity o (arbitrary Ru). The case (very
important in practice) of the undisturbed stream where the
direction of the magnetic field and that of the stream are
perpendicular (crossed fields) will be here considered. The
case in which the magnetic field has the same direction as
the stream velocity (aligned fields) was considered in Ref. 4.
The method of approaching the two cases is a unitary one.
It should also be mentioned that the motion of an incom-
pressible fluid with arbitrary conductivity in the presence of
a thin airfoil was considered in Refs. 5-8.

1. Motion Equations

The motion equations of an inviscid, compressible, and
conducting fluid in electromagnetic field are

(dp/dt) + pdivg = 0 1.1)
p(dg/dt) + gradp = p.[j-H] (1.2)
where the notation
d/dt = 9/dt + (q-grad) 1.3)
was used.

Besides Eqgs. (1.1) and (1.2), the equation of the elec-
tromagnetic field, which we write in electromagnetic units,

rotH = 47j divH = 0 (1.4)
rotE = — u (0H/0t) divE = 0 (1.5)

as well as Ohm’s law
i=oE+ pnlj-H]D (1.6)

must be also considered.

Here o (the electrical conductivity) and w, (the magnetic
permeability) are assumed to be constants characterizing the
medium.
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We assume that the fluid medium is characterized by the
thermodynamic law

p = pRT (1.7)

In such a case, if we denote by w the specific internal energy
and by /& the specific enthalpy, we have

w = C,T h=w+ (p/p) = C,T (1.8)

The energy equation, under the assumption that the motion
takes place without heat transfer,® ¢

dh _dp 1

1 2
L iy - <——> rotH -rotH 1.9)

47
We introduce the dimensionless independent variables
2’ = a/L y = y/L t' =tU/L (1.10)

L being a characteristic length still undetermined and U the
undisturbed stream velocity. We also introduce the di-
mensionless dynamie variables

q =qU o = p/pe B o= h/he
P = (p — p)/p-U? H = H/H, (1.11)
E' = E/pH,U i’ = j/ouUH,

With the new variables, which are written unstressed, the
system of equations which yields the fluid motion is

(dp/dt) + p divg = 0

(1.12)
p(da/dt)y + gradp = (1/4%)[ rotH-H]

rotH = RMj divH = 0
(1.13)

rotE = — (0H/0t) divE = 0
j=E+ [qH] (1.14)

ﬂl = — 172 d_p — A2 i i

Py = (y — OM % + (y— 1M T Ry rotH - rotH
(1.15)
yM?*p = ph — 1 (1.16)
The notations
RM = LU/VH = 47r0‘/.L,LU

(1.17)

M = U/ae A=U/V,

were introduced, where C, and C, are the gas specific heats
under constant pressure and constant volume, respectively,

Y = Cp/Co,
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4. is the sound velocity in the undisturbed stream, Ra is
the magnetic Reynolds number, and V4 is the Alfvén velocity:

Va = Holu/4mp ]2 (1.18)
2. Plane Steady Motion: Linearized Theory

As basic motion, we shall consider the undisturbed stream
motion, which will be assumed as being uniform, having the
velocity U. The Oz axis is taken upon the direction of the
velocity U. The conducting fluid is in a magnetic field of
intensity He, the direction of which is perpendicular to the
direction of U. The Oy axis is taken upon the direction of
the magnetic field.

The fluid motion takes place in the presence of a thin air-
foil having the equation

= Y(2) —(¢/L) <z < (¢/D) 2.1)

which will disturb both the velocity field and the magnetic
field. Thus, taking into consideration the basic motion, the
dynamic variables become

qQ=e+V p=1+p
H=e+h E=E.+E

which must satisfy the system of Eqs. (1.12-1.16). Here
e, €, and e; denote the unit vectors of the Ox, Oy, and Oz
axes, respectively. If the motion is assumed to be steady,
then, neglecting the second-order small magnitudes, we have

d/dt = (e; + v) grad = 0/0x (2.3)

From (1.15) and (1.16) we deduce M2(0p/dx) = Op/Ozx.
Thus, we obtain the following system:

(2.2)

L % -0 ©2.4)
%+%=%<%—%’> @.5)
> 2—5 — 0 2.6)

%% - aai — Ru(hy + w) @7
% %’;; ~ 0 e

The consideration presented in Ref. 4 shows that in this case
E., = —esE;’ = 0. It is seen that perturbations of the
electrical field do not appear, a conclusion that is to be ex-
pected since the magnetic field is stationary, and there are
no electrical sources in the region occupied by the field.

Using the notations

_ Ohy Oh., _ o v
from (2.5) and (2.6) we obtain
20 _ 1 0¢
o~ Aoy (2.10)
From relations (2.2) and Eq. (2.7), we have
hm(vhp,é) =0 dr =z + o2 2.11)
Using now Egs. (2.4, 2.7, and 2.8), we get
AM® — 1) % | AXME—2) %k A O%
Ru o’ Ry 0zy? Ry Ox Oyt
o1 S Ot
2072 — —_— 2 2 2
(AM M) — A2+ M 1) %oy +
4
%% _ (2.12)

oyt
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22>$_

+(42+ M2 1) s

which may be also written as

A? 0 [ 02 o?

—— — + 2
Ry oz <bz2 > <B bx2
o
2 2 2 —_—
(AM M) Setogt

o‘¢

o 0 (2.13)
We have used the classical notation 82 = 1 — M2 § being
a real number for subsonic motions and an imaginary number
of supersonic motions. This form of Eq. (2.13) determines
the type of problems appearing in such a case. The high-
order derivatives are written as a product of three operators,
i.e., the operator 0/0x, the operator A, and the operator 7,
which for subsonic motions is the Prandtl-Glauert operator
and for supersonic motion is the Ackeret operator. Hence; it
is seen that in this case only the sonic motions appear as a
singular case that separates two regimes of motion. The
situation is similar to that of the motion of the nonconducting
fluid.

It is worth mentioning the difference existing between the
general case treated here (R being finite and arbitrary) and
the case of the perfectly conducting fluid.! For the latter
case, Kq. (2.12), in which we set By — o, assumes the form

o 1 o\ (B o
ot " Rrop) \Bos T

The notations
2R? = A4 M — 1+ [(42+ M2 - 1)+
4(A2 + Mt — A2MHV2 = A2 4+ M2 —
14 (14 2(4%2 4+ M?) + (A2 — M2)z]ve
B = A+ M2 — A2 (2.15)

o > E=0 (2149

were used. It is seen that B?is positive throughout the plane
(A,M). Accordingly, the first operator in (2.14) is hyper-
bolie, and the second one is elliptical if 4 and M are in the
region B > 0 and hyperbolic in the region B < 0. The
critical case that separates the two motion regimes is that
corresponding to U2 = a2+ V42

Finally, it is to be noticed that, in the general case (R being
finite), the type of equation in & [Eq. (2.12)] does not depend
on the orientation of the magnetic field in the undisturbed
stream, whereas in the case of the perfectly conduecting
fluid, the type of equation depends on the orientation of
the magnetic field.

We mention also that, in the case of incompressible fluid
M = 0, Eq. (2.12) takes the form obtained by Sears and Res-
ler3:

- Q% 1 0%

d
S (2.16)

1
R dx? Aoy

3. Representation of the General Solution of
Eq. (2.12) (R Being Arbitrary)

We assume that the function £(z,y) satisfies the Dirichlet
conditions relative to the variable z. Taking into considera-
tion condition (2.11), we have

+
f __ E&(zyy)dz = convergent

In this case, introducing the Fourier transform
T2 e .
o0 =[5 " [O7 tewera e
- -

and taking into consideration the cancellation of disturbances
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at infinity (in the undisturbed stream), from Eq. (2.12) we
-obtain the corresponding equation for Q(A,y):

dQ d2Q
= op &% 4, —
ady4+)\bdy2+>\c 0 (3.2)
‘where
iAA? AXM? - 2)
Q= —_ = 2 M2 — S S
a =1 R b=A424+ M 1 T A
2 2 .
c=A2M2—A2—M+MiA (3.3)
By
The characteristic equation corresponding to Eq. (3.2) is
E(a) = aa* + Mba? + Mc = 0 (3.4)

It has the roots

(i) = :F|)\[[_b + (0 — 4a6)”2:|”2

2a

b2 —_ 4ac)l/2 1/2
2a ]

(3.5)

s2(iN) = q:[>\|[_b =

We observe that the roots ®.r,, ®R.s, depend on |\| since
one may write

Rer+@N) = 3r=00) + re(=iN] = F[MR(])
R+ (@) = 3[s2(@N) + s=(=iN)] = F [AS(A])

In addition, RS = 0.}

With this observation and considering that the roots r,
s+ depend only on |A], the damping condition imposed by
(2.11) may be used for the function Q(),y), the Fourier trans-
form of £(z,y). Thus, we obtain the following general solu-
tion of Eq. (3.2):

QO xy) = Cx(Ne=? + Da(Nes=v 3.7)
The plus sigh indicates the solution valid in the half-plane
y > 0 and the minus sign the solution valid for y < 0. The

solution (3.7) may be also extended on the Oz axis.
By an inversion of the Fourier integral (3.1), we have

(3.6)

Ea,xy) = [2%]1/2 f_+ “[CLem=Y + Do (Nes=v]e~= dy

(3.8)

The functions € (A) and D ()) are to be determined sub-

sequently. In the following considerations we shall use the
notations

1 te — Az
El(x,:lzy) = [Tﬂmf—m Ci(}\)eTﬁ:ye LI

(3.9

1 + .
by) = o, [T DOy o= i

From (2.10) we obtain readily

1 + ¥
w(r,xy) = Wf—w [Ci(k) z}\ieriy"r‘

Di(N) ”Ti ew]e-m = o + w (3.10)

using the same notations as in (3.9).

1 Since B(\|) = R(0) 4 (A /IHR'(0) + ..., the cancella-
tion of B( |\| ) would imply B(0) = R'(0) = ... = 0. A simple

calculation taking into consideration (2.15) gives, however,
(21V2R(0) = {A% + M — 1 + [1 + 2(A* + M?) +
(A? — M2)?2 /2}1/2

which obviously cannot be zero.
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4. Determination of the Velocity Field

From Eqs. (2.4) and (2.5) and considering the notation
(2.9), we have

(1 — M2 (Qu/0x) + (Qv/oy) = (M?/A?%)E (4.1)
For determining the velocity field, we also obtain from (2.9)
Ov/0z) — (Qu/dy) = w (4.2)

The general solution of system (4.1) and (4.2) is obtained
by taking the general solution of the homogeneous system to
which we add a particular solution of the nonhomogeneous
system. The general solution of the homogeneous system is

u = ¢/0x v = 0¢/0y (4.3)
the function ¢ satisfying the equation
(1 — M*)(0%¢/02?) + (9%¢/dy*) = 0 (4.4)

The particular solution of the nonhomogeneous system is
sought under the form up = up, + up,, vp = vp, + vp, where

_
4227

Up, =

+ o
7 caen@nn

1 +o
ur = e J_ . DO enuNi

(4.5)
1 +e
e = g | o C= 0 ¥nayNa)
1 + D
Vp, = A2—[27r]1—/2 f“ - io\)\bi’x(x:y;)‘)d)‘
The nonhomogeneous system is satisfied if we take
a<,0P1 alpr 3
" TP M2er=¥ g—iAT
8 on + o e™=Y ¢
(4.6)
a‘//l"l _ 9@ — W_i ersy e—i)\x
oz oy A
aﬁon aKbPz —1
9 = M 25 — A
8 > + o e° e
4.7)

a_LP? — %_‘"‘ - mj eSiye—i)\x

oz dy A
For system (4.6) the solution is looked for under the form
©p, = Cleriy e—-i)\x ¢P1 — Czeriy e—-i)\x

C; and C; being constants with respect to the integration
variables z,y, and correspondingly for system (4.7). Finally,
we have

1 +ol 724+ M )
up(z,£y) = A2n] f_ . [m Ce()) e +
s? + Mz)\2_ siyJ —iAZ
G = g D (\e e AN
(4.8)
1 + P4 "
26 20) = Trpe [ [7—2 T e
s )
pop— = e Di(x)ew] e~ d)
7= p? §? = 542
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Accordingly, the velocity field has the following general
representation:

u(z,%y)
v(z,=y)

up(x,£y) + (0p/0r)
ve(z,£y) + Q¢/0y)

The function ¢ satisfies Eq. (4.4), which, in the case of sub-
sonic motions, coincides with the Glauert and Prandtl
equation, whereas, in the case of supersonic motions, it
coincides with Ackeret’s equation.

Taking into consideration Eq. (3.4) and performing a
simple calculation, we obtain

(4.9

Il

— M4

(2 — BDY (st — BN = T — @AZ/Ry)

(4.10)
Hence, the representation (4.8) is valid in the entire (4,M)
plane. It is not valid for M = 0, that is, in the case of the
incompressible fluid. The explanation of this fact is that, in
the case of the incompressible fluid, the equation in £ [Eq.
(2.16)] is of low order. and its characteristic equation (3.4)
has only two roots. We mention also that in this case the
roots obtained from (3.5) coincide with those found previ-
ously for the incompressible fluid.”

Consequently, the velocity has two components, ie., a
potential component, which satisfies the same equation as in
the case of the nonconducting fluid, and another one (up,vp)
due to the interaction between the motion and the magnetic
field. By setting A — «, we obtain the motion of the non-
conducting fluid. [The motion equation is (1.12), in which
the term representing the action of the magnetic field
vanishes. ]

Taking into consideration that from (3.5) we have

limry # « lim sy # o

A—> A—
from (3.10) we obtain

Iimw=20

A—
that is, the motion is irrotational. System (4.1) and (4.2)
reduces to the homogeneous system whose solution is (4.3)
and (4.4); that is, we obtain the results given by the classical
aerodynamics

lim (up,wp) = 0

A— o

5. Determination of the Magnetic Field

For determining the magnetic field, we have the following
equations:
divh = 0 roth = fes (5.1)
We are confronted, hence, with a Poincaré-Steelhoff problem.
The solution may be simply determined by following the same
procedure as in the case of the velocity field. We have

1 (e
ho(w,%y) = [CNEE f_ . I:)\2 —

L Ca(Vem¥ +

S+ . " 31/ oY
A2 — g2 D.(Ne *y] Ndh + it = hep + 3%
. (5.2)
1 + e Y
e = o [ [ Coe
')\ 8 —1AX a¢ ¢
)\2——82 Di()\)e ‘y] [4 i dx + - = h,,]a -+ y

Accordingly, the magnetic field may be represented as
h = he + grady (5.3)
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The funetion ¥, which determines the irrotational part of the
magnetic field, satisfies the equations

2 0t
A=sstss (5.4)

Ay =0
Similarly, using Eq. (3.4), we deduce
A2M2N
1 — (INA%/Ry)

It is seen that the representation (5.2) is valid in the entire
(4, M) plane.

A2 — 1)\ — &?) = (5.5)

6. Useful Relations

From the expressions of the functions £(z,%y), u,(x,£y),.
v,(x,£Y), hyr(z,£y), h.r(z,£y) and by an inversion of the
Fourier transforms, we obtain

=CoMWe¥ + D (Nes=¥ =
1 +o 4
[27]/2 f _ . EEype™ds (6.1)

’LSi

By = Ai [?L* CeNersy + 2= D, mew] =

1 f +oe
2r]itJ - =

1T r2 4 M2 s 4 M
o = — | ——MM —— sy —_ St =
By A?l:n\(r? — By Caersr + iN(s? — B2\Y) Dee y]

wlz,£y)e™ dx  (6.2)

1 + o .
2] V2 S wsper i ©3)
1 ——T:I: iy 8 9,
B = A2 [7.2 — Bt Crers + 2 = gae D.e 7/] =
1 + N
(27 )12 f_ - vp(z,£y)e?* dr (6.4)
E5 = 7-2 Cier'y + )\2 Diesly =
1 4+ w® .
- [27]V2 f_ - hor(x,£y)e™® dz  (6.5)
2 in
Be= o Cwerr o Doty =

hyr(z,=y)e™ dx  (6.6)

1 f—\-w
2r)v:J -«

The foregoing funetions may be continuously extended on
the Ox axis. Hence,

Li=Cx() + D)) =

1 @ 4
ijw £, =0 dz  (6.17)

BWD*] =

ve(z,+=0)e™ dx  (6.4")

1 T+
L4:I[ ’32)\20:‘:_1— 2

84

hyr(z,£0)e dz  (6.6%)

L f e
2r7 J -
A direct calculation leads to the relation
AE5(r* — BN (s — B + E(r? — M) (s — N\ =
M r o Cre=¥ + s.Des<¥) (6.7)
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Taking into consideration (4.10) and (5.5), we deduce

- . 1 1 , 5
INE; — INE, = (@ - m> (roCre™¥ + spD.es+Y)
(6.8)
Further, taking into account Eqs. (6.1-6.4), we obtain
b?)p bka . _]__ 2&
w o T Ry ©6.9)
Observing that
bl)p bup ath ahyR .
=% " oy =52+ =0  (6.10)
relation (6.9) becomes
Lok Ohue a—“f (6.11)

Ry Oy oy oy

On comparing relation (6.11) with Ohm’s law [Eq. (2.7)],
in which the representations (4.9) and (5.3) were used, we
obtain

oY

oy bxby =0 (6.12)

7. Boundary Conditions

We assume that the airfoil is infinitely thin and of small
camber. In this case, using Eqs. (2.1), the condition that
the fluid velocity be tangent to the airfoil is

Q¢ |

vp(z,£0) + — = Y'(x) -1<z<1 (7.1)

oy ‘y= 0
For simplifying the writing, the origin of the reference system
was taken such as to coincide with the middle of the airfoil,
and the characteristic length 2L, so far indetermined, is
chosen equal to the length of the profile chord.

In the exterior of the profile, on the Oz axis, the velocity
component v is continuous, as it results from a known theo-
rem.* Hence, at all points on the Oz axis we have

O¢ b_ga
Oy |-0 0¥ lto

Introducing the corresponding notations, relation (7.2) be-
comes

ve(x,+0) — velx,—0) = (7.2)

—[og/oy]l > ] = 0 (7.3)

The magnetic field components are also continuous (sur-
face currents do not exist), such that, using the same nota-
tions asin (7.3), we have

[hs] =0 [hy] = 0 (7.4)

From (2.7), taking into consideration (7.4), we obtain
[£] = RBy[u]. Deriving (2.5) with respect to the variable
y and taking into account the relation [0p/dy] = 0, which
results from (2.6), we get

wlal--zl] o

Deriving (2.7) with respect to the variables y and taking
into account the relation [0h,/dy] = 0, which results from
(2.8) and (7.4), we obtain

B

From relations (7.5) and (7.6) we have

[Z—Z:I = exp(—— %Z x) (1.7)

[ve] =
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Considering now the damping condition (2.11), we havel
[Pu/oy] = 0 - (7.8)
There results [w] = 0, and, accordingly, making use of
(3.16) and (3.20), we get
r (Cy+C)+ D+ D)y=0 (7.9)

On the other hand, taking into consideration the represen-
tation (5.3), we obtain from (7.4) [h.z] = —[0y/0z] =
From (6.5) we have

Cy+C) +

r s
A2 _-{__ r2 - 22 _+_ 3 Dy + Dy =0 (7.10)

By comparing (7.9) and (7.10) we have

Ciy) = —C_(N) Di(\) = =D_(A)  (7.11)

relations which determine completely the symmetry of the
problem.
From Eqgs. (6.1-6.6) there results

£, +y) = —Ex,—y)
ve(z,+y) = ve(z,—y) up(x,+y) = —ur(z,—y) (7.12)
hIR(xy+y) = th(z)_'y). hyR(x7+y) = _h:!/R(x;_y)

From the symmetry of vp(z,=y) and h.r(zx,%y), using
(7.3) and (7.4), we obtain

o¢| _ 9¢
Y l—o Y | +o

wir,+y) = w@,—y)

o0 _ ¥

bx_o_bxw

(7.13)

Using these relations in condition (6.12), we readily obtain
o
oY |0 0y 1o

These relations determine completely the symmetry of the
problem. Employing (7.4) and (7.14) and the antisymmetry
of hyr, we obtain the relations

hyr(z,£0) =

(7.14)

—(QY/y) | » (7.15)

On the other hand, the partial derivations of the harmonic
funetion ¢ are continuous in the exterior of the profile. It
results that

©p/0y)| 0 = 0

Further, the notations

(—o <z< —1,1<z< ) (7.16)

_r_i<~1-_ N1t N
s \Bu N =1 P 22— g0
I =— i 1 s Men @17

Ry A — s iAA? s — B2N2

will be introduced.
Taking into consideration (6.1, 6.3, 6.6, and 7.17), from
(6.11) we obtain

DL\ =1INCLN) (7.18)

Accordingly, there results that, from the four functions that
intervene in the general representation of the velocity and
magnetic fields, only one [e.g., C+(A) = C(\)] is unknown.
The remaining functions are determined with the aid of
relations (7.11) and (7.18).

1 We obtain

u(z,+e) = u(x,0) + ﬁ; %u;_ dy, u(z,—e) =

u(x,0) + fo_e a_au?_ dy

By substracting the two relations and applying an averaging
formula, we obtain w(x,+e) — u(x,—e) = [du/dyle. Setting
z — — o and considering (2.11) and (7.7), we have C = 0.



1228 L. DRAGOS

From relation (6.6’), taking into consideration (7.18, 7.15,
and 7.16), we have

i )
[+ o oo -
L +1?_‘_// TAZ
i I o | e (@19)

This relation will determine the function C(A) if the fune-
tion (0y/dy)| +ois known. On the other hand, from relation
(6.12) the function ¢(x,y) may be determined if the function
Y(x,y) is known.

The function ¢(x,y) satisfies FEq. (4.4), and its determina-
tion will be made in compliance with Glauert and Prandtl’s
method!® in the case of subsonic motions and according to
Ackeret’s method in the case of supersonic motions. Condi-
tion (7.1) will be used, in which v(z,%0) may be known
through the determination of C(N).

The function ¥(z,y) is, hence, the single unknown of the
problem.

The boundary conditions for the magnetic field were used
by assuming that surface currents do not exist. It may be
easily seen that, in this case of orthogonal fields, surface cur-
rents cannot exist in the airfoil. Indeed, the existence of
surface currents in the airfoil would impose that the first
condition (7.4) should be written

oy

th($,+0) — her(z,—0) = ”a;

— 9!‘ + RMB(x)
—0 oz o

(7.20)

0(z) being the density of surface currents upon the Oz axis.
As h.z and Oy/dx are symmetrical, relation (7.20) implies
0(x) =0.

8. Boundary Condition for the Function
¥ (xay )

For determining the boundary condition for the function
Y(z,y), we shall use condition (7.1). For this purpose, we
need a relationship between vp(z,40) and hyg(x,£0). This
one may be readily deduced from relations (6.4’) and (6.6").
Introducing the notation

JL(\) =
T S:I:I ™) I
- l: 62)\2 52)\2]/ )‘A2 + s — 22
(8.1)
we have
JA) = =J_(N) (8.2)
Using now relations (6.4’, 6.6”, and 7.18), we obtain
Li(N) = J LN Ls(N) (8.3)
Introduecing the notation
— ! S e AT
K@) = oy [ Tens an (84)

and observing that, from (6.4’) and (6.6"), we have

1
[27 ]2

ve(x,£0) = [T Live=na an
(8.5)
1 e A
hurle,20) = & J 77 Lave==

it results that relation (8.3) represents a relationship among
the Fourier transforms of the functions ve(x,=0), K(z), and
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hyr(x,%0). TUsing the convolution theorem, known in the
theory of Fourier transforms, from relation (8.3) we have

R
* Brl

Here we have used relation (8.2). We shall now derive
relation (8.6) with respect to « and consider condition (7.1)

vp(z,+0) = - f T hr(a,=0K@ — a)da (3.6)

and relations (6.12, 7.15, and 7.16). We have
oy 1 +10¢
s 2 [l
@" 4+ = oo F B J o1 oy 270, X

K'(x — a)da -1 <z<1 87

This is the boundary condition for the function . Certain
clarifications are to be made in conjunction with the boundary
condition (8.7). Partial results of this paper were included
in a note published in Comptes Rendus.!* The boundary
condition was given for the function ¢(z,y), which may be
readily obtained from (8.6). This formulation is, however,
inconvenient in that, in the case of supersonic motions, when
the equation satisfied by ¢ is hyperbolic, the solution hardly
can be constructed. Therefore we prefer the present formu-
lation of the boundary condition for the function ¥, which is
harmonic. This problem is liable in all cases to a simpler
presentation,

9. Another Form of the Boundary
Condition (8.7)

The boundary condition (8.7), which is to be satisfied by
the harmonic function ¥, has an integral form that mean-
while considers the values of the function ¢ in the exterior of
the Oz axis. It may, however, be reduced to an integro-
differential equation that refers only to the values on the
segment (—1, +1) y = 40. This will be made in the fol-
lowing considerations.

We consider the analytic function f(z) = ¥ (x,y) + ¥ (z,y)
in the exterior of the segment (—1, 4+1). Using the Cauchy-
Riemann relations in f(z) and f'(z), we have

iy = ¥ _ ¥
o) = % oy
oty 2%y (9.1)
'@ = — 5yt~ oaop

Taking into consideration condition (7.16), it results that it
is enough to determine the harmonic function 0y/dy, which
is the solution of Eq. (8.7) in the upper half-plane. In the
lower half-plane it is obtained by prolonging f'(2) by sym-
metry on the segment (— «,—1) according to Schwartz’s
principle. Indeed, we have Jmf’(2)| (—~ »,—1y = 0. At the
symmetrical points y = 40, y = —0 on the segment (—1,
+1), the function f/(z) assumes conjugate values; hence
oY/dy satisfies relation (8.7) fory = —0.

The harmonic function dy/dy in the upper half-plane is
now to be determined with the following boundary condi-
tions:

/Yy = 0 (—w <z< —1,1<z< @) (9.2)
oH — _yn +10y
oy ly=t0 Y@ = 27r]“2 f_1 oy 1750

K'(z — a)da —1<z<1 (9.3)

The solution of this problem is obtained by first solving the
problem

o*/ordy = 0 (—o <2< —1,1<2< + ®)
oM/oy* = g(x) (-1 <2< (9.4)
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Using the procedure given in Ref. 4 and taking into considera-
tion (9.1), we obtain the solution

f"(z) — 71_,- [Z? —_ 1]1/2 f+1___&_. dx (9‘5)

-1 1 — 222z — z

Here we must consider that condition f7/(2) must be finite at
infinity. This imposes

f+1 g(x)dx

e Tl 9.6)

In (9.5) we shall pass to limit by setting z — ¢, ¢ being a
point on the profile. Applying Plemelj’s formula, we obtain

e =gt + % [1 — g2)ve f"'lg(# dz

-1 [l — a2t — g
-1<it<+1 97
(At the profile, the Kutta-Jucovski condition is applicable.)

The integral was taken in principal value in the Cauchy’s
sense. Separating the imaginary part, we have

’ +1 d
_a_\ﬁ_x=t =£[;_t2]1/2f & z
0xdY [y=40 T -1 [ — 2212t — &

-1 <t<+1 (98

Considering that

1 1 +1ﬂ/[ ’ .
“”z‘Y@*ﬁ%wjlawwﬂK“ @ da

-1 <z<+1 (99
it results that (9.8) reduces to the equation

oY _ +10¢
e TR

z=a N({,a)da
y=+0

-1 <t<+1 (910

The notations

1 vue [F1 Y@ da
G = n-er | amre, O
1 1 . +1K'(zx — ) dzx
N(t,a)=7‘r'[2—7r]'1/_2[1_t]ﬂf_l [1_x2]1/2t_x
(9.12)

were used, the integrals being taken in principal values.
Denoting

/0yl y= 0= »(x) (9.13)
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Eq. (9.10) assumes the form of an integro-differential equation

() = G + f+11 v(a)N (t,o)da —1<t<1 (914
This is the final form of the boundary condition. It is an
ordinary integro-differential equation. The methods for
its examination are the classical ones. It is to be mentioned
that, for determining the solution, condition (9.6), which
becomes a condition for »(z) if (9.9) is taken into account,
must be considered.

By integration with respect to ¢, Eq. (9.14) reduces to a
Fredholm-type integral equation. In the case of the incom-
pressible fluid M = 0, the equation coincides to that given
in Ref. 8.

This equation solves completely the problem, since, by
knowing (0¢/dy)!|,=+ on the segment (—1,41) and taking
into account condition (7.16), it results that the harmonic
function ¢ may be determined in the upper half-plane with
the aid of a Neumann problem.

From relations (7.19) we obtain C(\), and from relations
(7.18) and (7.11) we have C.(A), DL (N).
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